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This experimental study considers the development of a laminar separation bubble formed over a finite wing and

contrasts it with the flow evolution over a two-dimensional airfoil. The experiments were performed on a reference

NACA 0018 airfoil model and a finite wing with an aspect ratio of 2.5 at a Reynolds number of 125,000 involving

surface pressure and particle image velocimetry measurements. For equivalent effective angles of attack, the results

reveal significant differences between the two- and three-dimensional configurations. Specifically, increasing the

effective angle of attack causes the separation bubble to shift upstream on the two-dimensional airfoil, whereas its

mean position and streamwise extent remain invariant to spanwise changes in the effective angle on the finite wing.

Similarly, the dominant shear layer frequency and characteristics of shear layer rollers do not vary appreciably over

the wingspan. This suggests that the sectional analogy between the local effective angle on the wing and that on the

airfoil is not universally applicable to the wing sections subjected to the formation of laminar separation bubbles.

Instead, the spanwise characteristics of the bubble on the wing are well approximated by those obtained on the airfoil

at the angle of attackmatching the effective angle of the wing root. It should be noted, however, that these findings are

exclusive of the regions in the immediate vicinity of the wing tip and/or root, which were not considered in the present

investigations.

Nomenclature

AR = aspect ratio
Cl = sectional lift coefficient; l∕�Q∞c�
Cp = coefficient ofmean surface pressure; �p − P∞�∕Q∞
c = airfoil chord length, m
f = frequency, Hz
f0 = central instability frequency, Hz
l = sectional lift force, N∕m−1

P∞ = freestream static pressure, Pa
p = pressure, Pa
Q∞ = freestream dynamic pressure; �1∕2�ρU2

∞, Pa
Rec = chord-based Reynolds number; U∞c∕ν
St = Strouhal number; fc∕U∞
St0 = Strouhal number based on central instability fre-

quency; f0c∕U∞
s = wing semispan, m
t = time, s
U∞ = freestream velocity, m ⋅ s−1
u; v;w = wall-tangent, wall-normal, and spanwise velocity

components in surface attached coordinates,m ⋅ s−1
X, Z = chordwise and spanwise coordinates, m
x, y = wall-tangent and wall-normal surface attached

coordinates, m
xr = x location of reattachment, m
xs = x location of separation, m
xt = x location of transition, m
α = angle of attack
αeff = effective angle of attack
Δt = time interval, s
Δ1;Δ2;Δ3 = difference between local pressure coefficients on

wing and airfoil
μi = lifting line parameter; c�∂Cl∕∂α�∕�8s�

ν = kinematic viscosity, m2 ⋅ s−1
Φv 0v 0 = normalized power spectral density of surface-

normal velocity fluctuations
ϕi = angular spanwise coordinate, rad
ω = vorticity, s−1

Subscript

aRMS = root mean square of a

Superscripts

a = time average of a
a 0 = fluctuating component of a

I. Introduction

L AMINAR boundary-layer separation is a common occurrence
for airfoils operating in the low-Reynolds-number regime

(Rec⪅5 × 105) and can detrimentally affect performance [1,2]. If
the laminar boundary layer on the suction side of an airfoil separates,
the formed laminar shear layer undergoes turbulent transition and can
reattach to the airfoil surface, forming a laminar separation bubble
(LSB) [3]. The transition process in an LSB is characterized by
the convective amplification of disturbances through a Kelvin–
Helmholtz instability in the separated shear layer [4,5]. This causes
the shear layer to roll up into vortices, which experience three-
dimensional deformations and undergo rapid turbulent breakdown
in the aft portion of the LSB [6–8]. These vortices and their ensuing
breakdown to turbulence enhance momentum exchange between the
outer-flow and near-wall regions, and they can cause the separated
shear layer to reattach to the airfoil surface in a mean sense, with a
turbulent boundary layer forming downstream [1]. Between themean
locations of separation and turbulent reattachment is a region of
recirculating flow associated with a plateau of relatively constant
pressure [9].
The majority of studies has examined LSBs in two-dimensional

geometric configurations [5,7,9–14]. However, finite-aspect-ratio
effects are present in lifting surface applications such as aircraft wings
and turbomachinery blades. Many recent studies on finite-aspect-ratio
wings at low Reynolds number have focused on overall wing perfor-
mance [15–20], finding that wing tip vortices suppress laminar sepa-
ration near the wing tip [16,19] and contribute to nonlinearities in the
lift curve [15]. The formation of a pressure plateau by the LSB is
another source of nonlinear lift on finite-aspect-ratiowings [17]. Addi-
tionally, the lift-to-drag ratio, which is a critical performance parameter
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for lifting surfaces, is substantially reduced by laminar separation
[2,21,22]. The importance of the LSB to the overall wing performance
has been established in Refs. [15–20], but the effect of spanwise
pressure gradients on the mean topology of an LSB and its dynamics
have received little attention. Across the aforementioned studies,
experimental findings on spanwise variations in separated shear layer
characteristics and the associated vortex shedding process are limited,
despite an expected significant influence from wing tip effects. For
example, Awasthi et al. [23] considered a semispan wing with a very
low aspect ratio of AR � 0.5 and concluded that the wing tip flow
suppresses laminar separation, causing the formation of a region of
high spanwise shear between the LSB and wing tip vortex. Marchman
and Abtahi [24] were among the first to examine the aerodynamics of
finite-aspect-ratio wings operating at low Reynolds numbers. Using
surface oil flow visualization on a wing of AR � 8, they found two-
dimensional flow with a high degree of spanwise uniformity approx-
imately one chord length from the wing tip. Spanwise flow was
confined to the region near thewing tips, which was similar to patterns
seen at higher Reynolds numbers.
The spanwise pressure gradient and the associated downwash

cause the reduction of sectional lift along the entire span of a finite
wing compared to an equivalent airfoil section, with the largest
decrease in lift occurring near the wing tip [25,26]. This effect is
often quantified through the effective angle of attack, defined as the
angle between the wing chord and the incident flow at a given
spanwise location [26]. Previous investigations have shown that
LSBs on two-dimensional airfoils are greatly influenced by the angle
of attack since the airfoil’s incidence to the flow largely governs the
global streamwise pressure gradient on the suction surface [3]. At
small angles of attack, the adverse pressure gradient on the suction
surface is moderate, and laminar separation is delayed compared to
higher angles of attack. As the angle of attack is increased, the
adverse pressure gradient increases, and the LSB moves upstream
and shortens [11]. The shortening of the bubble at higher angles of
attack has been linked to decreased stability of the separated shear
layer [5], which is related to the increase in boundary-layer edge
velocity. This causes the mean locations of transition and reattach-
ment to move upstream [27]. Furthermore, the central instability
frequency of the separated shear layer, which defines the vortex
rollup frequency, has been found to increase with the angle of attack
[7,27]. Since the location and stability characteristics of LSBs on
two-dimensional airfoils depend on the angle of attack, the changes in
the effective angle of attack over the span of a finite wing are also
expected to be critical in determining LSB behavior.
Bastedo and Mueller [28] conducted detailed surface pressure

measurements at multiple spanwise locations on a semispan wing
of AR � 2 and 0.14c thickness. They found that three-dimensional
flow was confined to the outer 20% of the span, whereas the pressure
distribution on the remaining portion of the wing was analogous to
the pressure distribution characteristic of an LSB forming on the
same two-dimensional airfoil section at a reduced angle of attack.
Through surface oil flow visualization, they observed an LSB mean
topology that changed gradually in the spanwise direction, forming a
curved shape, with the locations of separation and reattachment
moving downstream near the wing tip in response to the reduction
in effective angle of attack at the wing tip. A similar LSB mean
topology was observed in the surface oil flow visualization of Demir
et al. [29], conducted on a wing of AR � 3 and 0.12c thickness.
Garmann and Visbal [30] conducted an implicit large-eddy simula-
tion of a plunging wing of AR � 6 and 0.12c thickness, finding that
the LSB exhibited a small downstream shift near the wing tip. Huang
and Lin [31] examined flow over an AR � 5 and 0.12c thick semi-
span wing through surface oil flow visualizations, finding that tur-
bulent reattachment moved downstream near the tip while an
upstream shift in the location of laminar separation near the wing
tip was noted. Outside of the near-tip region, they reported that the
LSB formed at a nearly constant chordwise location on the wing
rather than the spanwise curved shape reported in Refs. [28,29].
The contrasting conclusions of the previous studies on the influ-

ence of the effective angle of attack on the LSB shape and location
suggest that LSBs on finite wings may be influenced by additional

effects not seen in nominally two-dimensional flows. Since the
frequencies and growth rates of amplified disturbances in the separated
shear layer are affected by the angle of attack [27], the response of the
LSB on a finite wing to the effective angle of attack also has important
implications for the transition process. This study seeks to determine
how the LSB on a finite-aspect-ratio wing is influenced by wing tip
effects and to characterize the associated spanwise structure of the
LSB. Specific attention is paid to the relevance of the effective angle of
attack to LSB dynamics on a finite wing. To this end, an experimental
investigation was undertaken, employing surface pressure measure-
ments and planar particle image velocimetry (PIV). Measurements
were performed on an LSB formed on a NACA 0018 semispan wing
of AR � 2.5 at α � 6 deg and Rec � 1.25 × 105.

II. Experimental Methods

All measurements were conducted in the University of Waterloo
recirculating wind tunnel, the test section of which is 2.44 m long,
with a square cross section with a side length of 0.61 m. The free-
stream velocity was set according to a calibration between the static
pressure drop across the wind tunnel’s 9:1 contraction and the free-
stream velocity in the empty test section. All measurements were
taken at a chord Reynolds number of Rec � 1.25 × 105, which
corresponds to a freestream velocity of approximately 9.5 m s−1.
The uncertainty in freestream velocity was estimated to be less than
3%, and the turbulence intensity measured in the empty test section
with a hot-wire probe was less than 0.08%.
An aluminum wing model with a NACA 0018 cross section, a

chord length of 0.2 m, and a squared off wing tip was used. Thewing
had an aspect ratio ofAR � 2.5 and was cantilevered from one of the
side walls of the test section, leaving a gap of 0.5c between the wing
tip and the opposing wall. An aspect ratio of 2.5 was chosen since
pressure measurements on wings of 1.25 ≤ AR ≤ 2.75 showed that
AR � 2.5 is the minimum aspect ratio that provides a region of
nominally two-dimensional flow near thewing root. To enable direct
comparison with flow behavior on a two-dimensional airfoil, a
removable wing extension was inserted that filled the gap between
the tip of the aluminum wing model and the opposite wall of the test
section, producing a nominally two-dimensional airfoil geometry.
The extension was made from a plastic block with a NACA 0018
profile that matched the profile of the aluminum wing model. The
surfaces of both the wing and the extension were polished to achieve
consistent surface characteristics.
A baseline geometric angle of attack of α � 6 deg was chosen,

producing anLSB amenable to particle imagevelocimetry in terms of
the spatial resolution of the measurements with respect to the overall
length and height of the LSB. The angle of attack was set using a
digital protractor. Repeated surface pressuremeasurements indicated
that the angle of attack could be reliably set within �0.2 deg.
Two coordinate systems are used for data presentation. Side-view

velocity results are presented using a surface-attached coordinate
system defined with the origin at the wing root leading edge, with
the positive x direction along the wing surface toward the trailing
edge, the positive y direction normal to the suction surface, and the
positiveZ direction toward thewing tip. Top-view velocity results are
presented in a two-dimensional chord-based coordinate system that
has the same origin point and Z axis as the surface-attached system
but differs in that the X axis is parallel to the chord of the model. All
coordinate axes are shown in Fig. 1.

A. Surface Pressure Measurements

Surface pressure measurements on the model were performed
using 89 static pressure taps (0.4 mm in diameter), whose layout is
shown in Fig. 1a. For chordwise pressure measurements, the 65
pressure taps arranged in a staggered configuration at Z∕c � 0.95
on both the suction and pressure surfaces (dashed line in Fig. 1a)were
used. The remaining pressure taps were divided among three span-
wise rows on the suction surface at X∕c � 0.15, 0.30, and 0.60
(markers in Fig. 1a); and they were used to measure the suction-side
spanwise pressure distribution. The pressure taps were connected to
two Setra model 239 pressure transducers with input ranges of
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�250 Pa via two Scanivalve multiplexers. Pressure transducer out-
puts were measured using a National Instruments USB-6259 data
acquisition system. For all pressure measurements, a total of 4000
sampleswere acquired at each tap location at a sampling frequency of
1 kHz. The uncertainty in the obtained surface pressure distributions
was estimated to be less than 1.4% of the freestream dynamic
pressure.

B. Particle Image Velocimetry Measurements

Two-component planar PIV measurements were performed in two
different configurations (Figs. 1b and 1c), referred to as the side and top
views. For the side-view configuration, the light sheet was positioned
in x − y planes at Z∕c � 0.95, 1.30, 1.66, and 2.01 (Fig. 1b), with the
spanwise locations chosen to cover an area of the wing outside of the
direct influence of root and tip flows, as well as to avoid laser light
reflections from the pressure taps on the airfoil surface. At
Z∕c � 0.95, the light sheet was positioned between the staggered
chordwise pressure taps. In the side-view configuration,measurements
were performed at the baseline angle of attack (α � 6.0 deg) at all
spanwise locations for both the wing and airfoil model configurations.
Furthermore, additionalmeasurements atZ∕c � 0.95were performed
over a range of angles of attack (3.8 deg ≤ α ≤ 5.0 deg) on the two-
dimensional airfoil configuration covering the expected effective
angle-of-attack range at the PIV measurement locations on the finite
wing model configuration.
Top-view PIV measurements were conducted with the light sheet

positioned tangent to the suction surface of the wing, as shown in
Fig. 1c. The minimum distance between the light sheet and the
surface of the wing model was 0.007c. This positioning was selected
such that the measurement plane passed through the top halves of the
shear layer rollup vortices observed in the side-view measurements.
Top-view PIVmeasurements were conducted on both the finite wing
and the two-dimensional airfoil configurations at α � 6.0 deg.
For all PIVmeasurements, the flowwas seededwithwater–glycol-

based fog, and particle illumination was provided by a Photonics
DM20-527 neodymium-doped yttrium lithium fluoride (Nd:YLF)
pulsed laser. The laser light was formed into a sheet approximately
1.5 and 2 mm thick for the side-view and top-view configurations,
respectively. Synchronization of the cameras and laser was provided
by a LaVision timing unit. Table 1 provides an overview of the PIV
parameters used in both configurations.
In the side-view configuration, two 1.0 megapixel Photron Fast-

Cam SA4 high-speed cameras were used with 200 mmmacrolenses.
The camera sensors were cropped to 1024 × 512 pixels. The cam-
eras’ fields of view were overlapped by 0.016c (9%), resulting in a
total field of view that spanned 0.23 ≤ x∕c ≤ 0.58, and from the
model surface to y∕c � 0.08. A total of 5457 samples were taken at
both 3.88 and 0.3 kHz for spectral analysis and statistics, respectively.
Based on the nominal shedding period within the LSB of 2 μs, over
1000 shedding cycles are captured within the time-resolved PIV
measurements, whereas measurements at the lower sampling rate
provide statistically independent samples for statistics.
To capture a larger field of view in the top-view PIV configuration,

two 5.5 megapixel LaVision Imager scientific complimentary metal-
oxide semiconductor (sCMOS) cameras were used, which were

equipped with 50 mm macrolenses. The camera sensors were cropped
to 2560 × 1492 pixels.With an overlap of approximately 0.059c (7%),
the total field of view for top-view PIV measurements spanned 0.28 ≤
X∕c ≤ 0.71 and from 0.93 ≤ Z∕c ≤ 2.5. Sampling was performed at
36 Hz, with a total of 4888 samples collected per measurement set.
LaVision’s DaVis software was used for image acquisition and

processing. Side-view particle images were preprocessed using a
sliding minimum subtraction, whereas the top-view particle images
were preprocessed using a high-pass filter with a cutoff frequency of
5 Hz. Velocity fields were then calculated from the images using
multipass cross correlation with window deformation [32]. The final
interrogation window sizes were 16 × 16 pixels and 32 × 32 pixels
for the side-view and top-view configurations, respectively, with
75% window overlap. The velocity fields were postprocessed using
iterative outlier detection and removal based on the median filter
method [33]. The resulting vector fields were then stitched together
using cosine blending in the overlap region. For data analysis and
presentation, the side-view velocity fields were transformed into the
surface attached coordinate system (Fig. 1b). All velocity spectra
were computed from the PIV measurements using Welch’s method
[34] with 20 windows of 512 samples with 50% overlap. With 50%
overlap, the variance of the Welch’s power spectral density estimate
approximately follows a χ2 distributionwith the number of degrees of
freedom equal to twice the number ofwindows [35]. The correspond-
ing uncertainty in spectral magnitude is estimated to be between 67
and 164%, and the frequency resolution of the velocity spectra
is �3.8 Hz.
Using the correlation statisticsmethod [36], the randomerrors in the

PIV measurements were estimated to be less than 4 and 9% of the
freestream velocity for the side- and top-view configurations, respec-
tively. Uncertainties of quantities derived from the PIV measurements
were calculated using sequential perturbation [37]. The dominant
uncertainty in the integral boundary-layer parameters and mean loca-
tions of separation and reattachment stems from location of the model

a) Locations of pressure taps b) Side-view PIV c) Top-view PIV

Fig. 1 Experimental model configurations. Thin dashed line shows the wing extension used for the two-dimensional airfoil configuration.

Table 1 PIV measurement parameters

Parameter Side view Top view

Camera (Two) Photron
FastCam SA4

(Two) LaVision
imager sCMOS

Sensor resolution, pixels 1024 × 512 2560 × 1492

PIV mode Double frame
Frame separation, μs 60 45
Sampling rate, Hz 3880 and 300 36
Sampling time, s 1.41 and 18.19 124.77
Lens focal length, mm 200 50
Magnification factor 0.51 0.10
Combined field of view 0.35c × 0.08c 1.57c × 0.43c

Laser Photonics DM20-527 Nd:YLF
Light sheet thickness ≈1.5 mm ≈2 mm

Seeding particles Water–glycol fog
Final interrogation
window size, pixels

16 × 16 32 × 32

Window overlap, % 75 75
Vector pitch, mm 0.16 0.51
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surface in the PIV images, which could be located towithin�0.2 mm
(�0.001c) in they directionand�1 mm (�0.005c) in theX direction.

III. Results

Surface pressure and planar PIVmeasurements are presented for a
semispan NACA 0018 wing with an aspect ratio of AR � 2.5 at a
geometric angle of attack of α � 6 deg and a chord Reynolds
number of Rec � 1.25 × 105. Measurements are also performed
using a two-dimensional model configuration over a range of angles
of attack encompassing the effective angles on the wing, allowing
for an examination of finite wing effects on LSB mean topology
and dynamics. Throughout the presentation of results, the two-
dimensional airfoil and AR � 2.5 wing configurations are referred
to as the airfoil and wing, respectively.

A. Surface Pressure Distributions

Figure 2a contrasts the chordwise surface pressure distributions on
thewing and the airfoil at the samegeometric angle of attack. For both
cases, the pressure distribution on the suction side features a charac-
teristic pressure plateau downstream of the suction peak, indicating
the presence of an LSB [9]. Measurements on the pressure surface
indicate that there is noLSBpresent on the pressure side of the airfoil.
As expected, Fig. 2a indicates that the suction peak magnitude is
reduced on the finite wing [17,28], and the accompanying changes in
the pressure gradient result in the notable downstream shift of the
pressure plateau. This indicates the downstream shift of the LSB,
consistent with the expected decrease of the effective angle of
attack [28].
Figure 2b shows the spanwise pressure distributions on the suction

surface from the three spanwise rows of pressure taps. The locations
of the streamwise pressure taps are indicated by the dashed line in
Fig. 2b, whereas pressures common to the measured streamwise and
spanwise distributions are marked in Fig. 2a. From Fig. 2a, the rows
at X∕c � 0.15 and 0.60 are located upstream and downstream of the
expected LSB location, respectively, whereas the middle row
(X∕c � 0.3) is located within the LSB. The airfoil configuration
displays spanwise uniform pressure distributions at X∕c � 0.15
and 0.60; however, an increase in suction on the airfoil within the
LSB at Z∕c � 2.25 and X∕c � 0.30 is observed. This increase is
attributed to the high degree of sensitivity of LSBs to test environ-
ment perturbations [11] since the surface pressures outside of the
LSB remain virtually constant across the span of the airfoil. For the
wing configuration, suction-side pressure magnitudes are decreased
compared to those of the airfoil configuration, whereas a gradual
decrease in suction is observed with increasing Z∕c (i.e., toward the
wing tip), which is consistent with the expected spanwise pressure
gradient on finite wings [25,28].
The results in Fig. 2a indicate that the sectional lift coefficients of

the wing are lower than those of the airfoil, with the difference
expected to increase as the wing tip is approached. This decrease in
sectional lift is commonly represented as a decrease in the effective

angle of attack [26]. Therefore, if an estimate of the spanwise
variation in the effective angle of attack is available for the wing,
then conditions under which the airfoil and wing models produce
similar streamwise pressure distributions can be identified. At these
conditions, LSB characteristics can be cross examined between the
airfoil and wing, allowing for the effect of the spanwise pressure
gradient to be isolated.

B. Estimation of Effective Angle of Attack

The variation in the effective angle of attack along the span of the
wing model at a geometric angle of attack of α � 6 deg is deter-
mined using the following procedure. First, a set of baseline pressure
distributions is established for the airfoil over a range of geometric
angles of attack. Then, for each spanwise location on the wing at
which spanwise pressure taps are situated (Z∕c � 0.25, 0.50, 0.75,
etc.), the three data points available in the streamwise direction are
comparedwith the airfoil data to identify the closest match.When the
data are matched, the geometric angle of attack of the corresponding
airfoil pressure data is taken as the effective angle of attack at the
examined Z∕c location on the wing.
From an initial exploratory survey, the effective angle of attack on

the wing in the region of 0.95 ≤ Z∕c ≤ 2.01 was estimated to fall in
the range 4 deg ≤ αeff ≤ 5 deg. Thus, a refined sweep of pressure
measurements on the airfoil was performed around this angle-of-
attack range, and the obtained data were used for a detailed matching
procedure. First, the pressure data from the three pressure taps on the
airfoil common to the streamwise and spanwise rows are considered,
with Fig. 3 showing the pressure coefficients from these three loca-
tions plotted against α. Also plotted in Fig. 3 (inset plots) are stream-
wise pressure distributions for a select number of angles of attack.
Given the nearly linear variation of the pressure coefficients within
this range of angles of attack (blue lines in Fig. 3), the effective angle
of attack on the wing is estimated at all Z∕c locations at which
pressure data are available by finding the value of α that minimized
the sum of squared differences between the linear fits (determined
from the airfoil pressure measurements) to the wing pressure mea-
surements at a specific Z∕c location. This is illustrated in Fig. 4a,
where the three pressure measurements at a single spanwise location
on thewing (redmarkers) are shifted horizontally such that the sumof
squares ofΔ1;Δ2, andΔ3 is minimized, thus identifying the effective
angle of attack for this spanwise location. Figure 4b shows the results
for all spanwise pressure tap locations on thewing. It should be noted
that the wing pressure coefficients at the same three streamwise
locations also exhibit a nearly linear variation with the effective angle
of attack, supporting the employed approach.
Figure 5 presents the obtained variation of the effective angle of

attack along the span of thewing,with the indicated uncertainly limits
incorporating estimates of both themeasurement andmethodological
uncertainty. The locations of the PIV measurement planes are indi-
cated by the vertical dotted lines. Since the lifting line theory has been
shown to produce reasonable estimates of the effective angle of attack

a) Streamwise distribution b) Spanwise distribution

Fig. 2 Surface pressure distributions at α � 6 deg on wing and airfoil. Symbols in Fig. 2a mark measurements common to streamwise and spanwise
distributions. Dashed line in Fig. 2b shows spanwise location of measurements presented in Fig. 2a.
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on the outboard region of finite wings with LSBs [23], it is employed
in the present investigation to support αeff estimates. In applying the
lifting line theory, the effective angle of attack along the span of an
untwisted wing with a symmetric airfoil profile can be predicted by
solving the following system of equations [26,38]:

XN

n�1

An sin�nϕi��μin� sin�ϕi�� � αμi sin�ϕi�; i � 1; 2; : : : ; N

(1)

where i denotes each of theN control points in the spanwise direction,
ϕi � arccos�Zi∕s� with s being the wing semispan, and μi �
c�∂Cl∕∂α�∕�8s�. The sectional lift coefficient Cl corresponds to a
two-dimensional airfoil, where the angle of attack α is the geometric
angle of attack. The exact lifting line solution is obtained as N → ∞.
By solving Eq. (1) for the coefficients An, which are related to the
circulation, the effective angle of attack at each spanwise control point i
can be obtained using the following relationship [38]:

αeff;i �
XN

n�1

nAn

sin�nϕi�
sin�ϕi�

(2)

In this process, it is important to account for tunnel wall interfer-
ence effects [39]. Here, because of the linear relation between α and
αeff;i and the consequent similarity of the solution for a given α, an
iterative approach was used, where the value of α was iteratively
changed in Eq. (1) to obtain the best fit between the solution of Eq. (2)

and estimates of the effective angle in Fig. 5. The value of α obtained
was 6.6 deg, with the difference from the true geometric angle of
attack (α � 6.0 deg) verified to be in close agreement with the
estimated effective angle-of-attack change due to wall interference
[39]. A comparison of the results in Fig. 5 shows that the lifting line
theory fit conforms well to the pressure-based estimates, which lends
further support to the applicability of the lifting line theory to wings
operating at lowReynolds numbers and provides added confidence in
the obtained distribution of the effective angles of attack. The esti-
mates of αeff at the locations of the side-view PIV measurements
taken from the lifting line theory curve fit in Fig. 5 are summarized in
Table 2, and they are used to comparemeasurements on the airfoil and
wing in Secs. III.C and III.D.

C. Mean Velocity Field

Mean streamwise velocity contours in the area of LSB formation
are presented for the airfoil and wing in Figs. 6a and 6b, respectively,
for a comparable range of effective angles of attack. The LSB is
identified by the mean dividing streamline (solid black line), defined
as the locus of points below which there is zero net mass flow across

a) Methodology b) All spanwise pressure tap locations

Fig. 4 Estimation of effective angle of attack on the wing.

Fig. 5 Spanwise variation of effective angle of attack on the wing.

Dashed lines indicate spanwise locations of PIVmeasurements. Solid line
is a least-squares fit from lifting line theory for rectangular wings.

Fig. 3 Surface pressure coefficient versus angle of attack for the airfoil.
Linear fits (in blue) are applied to the data in the range 3.8 ≤ α ≤ 5. Inset
plots show representative streamwise pressure distributions. Table 2 Estimatedαeff

at each side-view PIV
measurement station

Z∕c αeff , deg

0.95 4.9
1.30 4.7
1.66 4.4
2.01 3.8
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any wall-normal plane [9]. Separation and reattachment locations
were estimated by extrapolating the dividing streamline to the model
surface via a smoothing spline fit. The transition location was esti-
mated from the location of maximum displacement thickness, which
has been shown tocorrespond to the locationofpressure recoveryonset
[5] and vortex rollup [40]. As expected from the pressure distributions
(inset plots in Fig. 3), as well as trends reported in previous studies on
various airfoils [11,27,41], the LSBmoves downstream and lengthens
as the angle of attack is decreased on the airfoil model configuration
(Fig. 6a). In contrast, at the four surveyed spanwise planes on thewing
model (Fig. 6b), the LSB remains at approximately the same stream-
wise location across the span, whereas an increase in the maximum
displacement thickness and mean reverse flow velocity is observed
with increasing Z∕c and decreasing αeff .
For comparison, the mean locations of separation, transition, and

reattachment are presented in Fig. 7, where they are plotted against
the angle of attack and effective angle of attack for the airfoil and
wing, respectively. The results confirm and quantify the downstream
movement of the LSB with decreasing angle of attack on the airfoil.
For the wing model, over a change in effective angle of attack of
1.1 deg, minimal changes in the LSB characteristics are observed,
which are in stark contrast to the trends seen in the LSB character-
istics on the two-dimensional model when the angle of attack is
changed by a similar amount. In fact, the spanwise variations of the
mean separation, transition, and reattachment locations on the wing
were verified to be comparable to the spanwise variations on the
airfoil at α � 6.0 deg. However, the results point to distinct similar-
ities between the LSBs formed at equal values of α and αeff for the
airfoil and wing in the region away from thewing tip. In particular, at
αeff � 4.9 deg, the measurements performed on the wing at Z∕c �
0.95 yield similar results to those obtained on the airfoil model at α �
5 deg (Fig. 7) because themean streamwisevelocity contours (Fig. 6)
are remarkably similar between these cases, leading to closelymatch-
ing mean LSB characteristics (Fig. 7). Thus, the results suggest that a
quantitative similarity in mean LSB topology between the airfoil and
wing is restricted to the region of weakly three-dimensional flow
away from the wing tip. As the spanwise gradient in the effective
angle becomes progressivelymore significant near thewing tip, such

a similarity breaks down. This important finding provides quantita-
tive support to the results reported in Refs. [17,24,31], and it suggests
that the analogy between LSBs at the same effective angle of attack
suggested in Ref. [28] is not universal. In fact, over the spanwise
range considered in this study, the effective angle of attack of thewing
root can be used to accurately describe the mean locations of sepa-
ration, transition, and reattachment up to at leastZ∕c � 2.01, despite
the substantial reduction in αeff .
In comparison to the airfoil configuration at the same effective angle

of attack, the differences in LSB position on the wing are most
significant near the tip (low effective angles of attack in Fig. 7). Here,
three-dimensional effects and the spanwise pressure gradient are most
significant on thewing; however, the exact mechanism responsible for

Fig. 6 Contours of mean streamwise velocity. Solid lines indicate mean dividing streamline and dashed lines indicate displacement thickness: xt (stars),
xs (upward-pointing triangle), and xr (downward-pointing triangle).

Fig. 7 Locations of mean separation, transition, and reattachment on
the airfoil at 3.8 deg ≤ α ≤ 6 deg and wing at α � 6 deg. Markers
colored according to the x axis on which they are plotted.
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the associated changes in LSB location merits future investigation. It
should be noted that in the present analysis, the locations of separation
and reattachment are based on classical estimations of the locations of
zero in-planewall shear,which candiffer in strongly three-dimensional
flows [42]. Future measurements of the spanwise velocity component
in the LSB should be conducted to provide further insight into how the
spanwise pressure gradient affects LSB structure, and to determine
whether the calculated locations of separation and reattachment are
biased by spanwise flow within the LSB.
The variation in displacement thickness on the airfoil with the

angle of attack is presented in Fig. 8a. The maximum displacement
thickness does not show any significant changes within the inves-
tigated range of airfoil incidences. On the other hand, a clear trend of
increasing maximum displacement thickness with increasing Z∕c is
observed within the range of 0.95 ≤ Z∕c ≤ 2.01 on the wing in
Fig. 8b. The associated displacement of the separated shear layer
away from the airfoil surface is also accompanied by an increase in
maximum mean reverse flow magnitude, as seen in Fig. 6b, particu-
larly at Z∕c � 2.01. Such changes are known to affect stability
characteristics of near-wall shear flows [13,43,44] and even the
nature of the dominant flow instability mode [12,45]. At the same
time, the characteristic mean locations of the bubble appear to remain
invariant within experimental uncertainty, which points to a likely
interplay between wing tip effects and changes in stability in this
region. The potential implication these changes have on bubble
dynamics will be explored in Sec. III.D.
The observed changes in maximum displacement thickness and

reverse flow velocity near the tip of the wing suggest that three-
dimensional effects are important to LSB development in the vicinity
of the wing tip, where a considerable spanwise pressure gradient is
observed (Fig. 2b). Using the top-view PIV configuration (Fig. 1c),
measurements of streamwise and spanwise flows were made above a
portion of the airfoil and wing surfaces at α � 6.0 deg, with time-
averaged flowfields presented in Fig. 9. This figure shows sectional
streamlines superimposed onto contours of mean spanwise flow
velocity. The results verify two-dimensional flow for the airfoil, and
they confirm the presence of a crossflow that progressively increases in
magnitude near the wing tip. The isolation of significant spanwise
flow to 2.2 ≤ Z∕c ≤ 2.5 agrees with the findings of Bastedo and
Mueller [28], who observed that the three-dimensional flow region is
limited to a distance of less than 0.4c from the wing tip at moderate

angles of attack. At the outermost side-view PIV measurement station
(Z∕c � 2.01), the mean spanwise velocity magnitude on the wing
remains below 7% of U∞ (Fig. 9b); however, it produces substantial
changes to the mean LSB outline seen in side-view measurements
(Fig. 6b). Therefore, a relatively small magnitude of spanwise flow can
lead to dissimilar LSBs on two-dimensional airfoils and finite-aspect-
ratio wings at the same effective angle of attack, with progressively
larger differences expected as the wing tip is approached.

D. Separation Bubble Dynamics

The vortex shedding in the LSB is examined in Figs. 10 and 11,
where sequences of instantaneous spanwise vorticity are presented
for the airfoil and wing configurations, respectively. On the airfoil
(Fig. 10), the formation and shedding of shear layer vortices can be
clearly seen in Fig. 10a, corresponding to α � 5.0 deg. The shear
layer rolls up at approximately the location ofmaximummean bubble
height (x∕c � 0.40) and the shed vortices propagate downstream,
marked by dashed lines connecting the same structures in the
sequence. A similar dynamics is captured on the wing at a similar
effective angle of attack (Fig. 11a), with a comparable rollup location
and streamwise wavelength of the structures observed for this span-
wise location, which is subject to a minimal spanwise flow (Fig. 9).
As expected from the time-averaged results discussed earlier,
decreasing the angle of attack of the airfoil results in the downstream
movement of the rollup location, which can be seed from a compari-
son of Figs. 10a and 10b. In contrast, for the wing configuration, the
rollup location remains largely insensitive to the decrease in the
effective angle of attack (Fig. 11). However, the increase inmaximum
displacement thickness at Z∕c � 2.01 is associated with the forma-
tion of rollup vortices farther from the wing surface compared to that
at Z∕c � 0.95.
The rms fluctuating velocity fields for the airfoil and wing are

shown in Figs. 12 and 13. Both cases show a significant increase in
the amplitude of the fluctuations in the aft portion of the separation
bubble. The rapid growth in themagnitudes of u 0

RMS and v
0
RMS is most

prominent near the location of mean transition, which is coincidental
with the shear layer rollup seen in Figs. 10 and 11. At a fixed x∕c
location in thevicinity of xt, three peaks are seen in theu

0
RMS fields for

both airfoil and wing configurations, which is in agreement with
previous experimental studies [8,46] and eigenmodes obtained in
linear stability calculations [4,5]. The most significant fluctuations in

a) Airfoil b) AR = 2.5 wing

Fig. 8 Streamwise displacement thickness. Shaded areas show typical uncertainty bounds.

Fig. 9 Mean spanwise velocity contours and sectional streamlines: α � 6 deg.
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the streamwise velocity component (Fig. 12) closely follow the
boundary-layer displacement thickness (marked by the dashed line),
outlining the trajectory of convectively amplified perturbations in the
separated shear layer. For the wall-normal velocity fluctuations
(Fig. 13), the maximum is reached at approximately the mean reat-
tachment location, where vortices are shed into the redeveloping

turbulent boundary layer. For the airfoil, the location of the onset
of significant velocity fluctuations moves downstream with decreas-
ing angle of attack, following the downstreammovement of themean
transition and the mean reattachment locations. For the wing, con-
sistent with the location of mean transition remaining relatively
constant across the span, the rms velocity contours indicate that the

Fig. 11 Contours of instantaneous vorticity on the wing. Frame separation is 0.13 ms. Dashed lines track individual vortices.

Fig. 10 Contours of instantaneous vorticity on the airfoil. Frame separation is 0.13 ms. Dashed lines track individual vortices.
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location of rapid growth of turbulent fluctuations remains largely
unchanged as the effective angle of attack changes from 4.9 to
3.8 deg. Although the rms velocity contours on the wing closely
resemble those obtained on the airfoil at α � 5.0 deg, the vertical
extent of the region associated with the highest contours of u 0

RMS and
v 0
RMS is larger on the wing, and it increases toward the wing tip. This

correlates with the increase in the displacement thickness (Fig. 8b),
which is expected to result in a more unstable shear layer (i.e., higher
amplifications factors [13,44]).
Spectral analysis of velocity fluctuations measured in the sepa-

rated shear layer is performed to explore potential differences in the
frequency content and amplitude of the amplified disturbances

Fig. 13 Contours of rms wall-normal velocity fluctuations. Solid lines indicate mean dividing streamline and dashed lines indicate displacement
thickness: xt (stars), xs (upward-pointing triangle), and xr (downward-pointing triangle).

Fig. 12 Contours of rms streamwise velocity fluctuations. Solid lines indicatemeandividing streamline anddashed lines indicate displacement thickness:
xt (stars), xs (upward-pointing triangle), and xr (downward-pointing triangle).
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between the airfoil and wing configurations. Figure 14 presents
spectra of wall-normal velocity fluctuations at y � δ� for the airfoil
at three angles of attack, with frequency presented in terms of the
Strouhal number. The results show the amplification of disturbances
within a band of frequencies, with the central instability frequency of
the bandmarked by a dashed line. As the angle of attack of the airfoil
decreases from α � 5.0 deg to α � 3.8 deg, the onset of disturb-
ance amplification occurs farther downstream (c.f. spectra at x∕c �
0.41 for Figs. 14a–14c), and the central instability frequency
decreases from St0 � 15.9 to St0 � 13.4, in agreement with the
trends reported in previous studies [7,27]. In contrast, the spectra
of wall-normal velocity fluctuations in the separated shear layer of
the wing (Fig. 15) do not show a marked change in the central
instability frequency with decreasing effective angle of attack, nor
the accompanying delay in the amplification of the perturbations.
Figure 16 shows the central instability frequency plotted for the

airfoil and wing as a function of angle of attack and effective angle of
attack, respectively. The results for the airfoil show a nearly linear

increase in St0 with increasing angle of attack, closely following the
trends seen in the results taken from previous studies of the same
airfoil over a similar range of Reynolds numbers. For the wing at
Z∕c � 0.95, where αeff � 4.9 deg, the central instability frequency
closely matches the central instability frequency of the airfoil at
α � 5.0. As the effective angle of attack decreases toward the wing
tip, the central instability frequency on the wing remains within the
range 16.1 ≤ St0 ≤ 17.8 over the spanwise extent of side-view PIV
measurements. This variation of the central instability frequency
along the span of the wing is largely captured by the experimental
uncertainty and was verified to be comparable to the spanwise
variation on the airfoil at the same geometric angle of attack.
Figure 17 facilitates a more detailed comparison of wall-normal

velocity fluctuation spectra obtained at the same streamwise posi-
tions in the separated shear layer at different spanwise locations on
the wing at α � 6 deg and on the airfoil at α � 5.0 deg. All spectra
presented in Fig. 17 were taken at xt and y � δ�. The bands of
amplified frequencies at spanwise locations of Z∕c ≤ 1.30 from

Fig. 14 Spectra of surface-normal velocity fluctuations at y � δ� on airfoil: each spectrum normalized by its total energy content and each x∕c location
stepped by an order of magnitude for clarity. Dashed lines indicate St0. Shaded regions indicate uncertainty in power spectral density magnitude.

Fig. 15 Spectra of surface-normal velocity fluctuations at y � δ� on wing at α � 6 deg: each spectrum normalized by its total energy content and each
x∕c location stepped by an order of magnitude for clarity. Dashed lines indicate St0. Shaded regions indicate uncertainty in power spectral density
magnitude.
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the wing are similar to that seen for the two-dimensional airfoil at
α � 5.0 deg, which is expected from the relatively small change in
the effective angles of attack from 4.9 to 4.7 deg. Near the wing tip
(Z∕c � 2.01), despite the decrease in effective angle of attack to
αeff � 3.8 deg, the most amplified frequency does not shift to lower
frequencies. However, a slightly wider band of amplified frequencies
is observed. This is attributed to the increased height of the separation
bubble at this location, which is expected to lead to a broadening of
the unstable frequency range as the inflection point of the separated
shear layer moves away from the wall [43].
The top-view PIV measurements provide further insight into the

spanwise structure of the shear layer rollup process, with represen-
tative instantaneous measurements conducted at an angle of attack of
α � 6.0 deg for both models presented in Fig. 18. Note that the
sampling rate of the top-view measurements is orders of magnitude
lower than the relevant time scales of the vortex shedding process,
producing measurements of uncorrelated velocity fields. The light
sheet for the top-view measurements was positioned to intersect the

top halves of the shear layer rollup vortices; as a consequence, the
dominant spanwise rollers appear as bands of high streamwise veloc-
ity. In agreement with the side-view PIV measurements, the rollup
vortices on the wing (Fig. 18b) form further downstream in compari-
son to the airfoil (Fig. 18a), which is attributed to the lower effective
angle of attack. For comparison, the mean locations of separation
(solid lines), transition (dashed lines), and reattachment (dotted lines)
obtained from side-view measurements are shown in Fig. 18. The
results reveal a strongly two-dimensional initial vortex formation
process on the airfoil, in agreement with previous studies on LSBs at
low levels of freestream turbulence [8,40,47]. Previous investigators
have attributed this to the LSB transition being driving by a Kelvin–
Helmholtz instability, leading to the preferential amplification of
two-dimensional modes [13,48,49]. However, shortly downstream,
notable spanwise undulations develop in the spanwise vortex fila-
ments, and three-dimensional breakdown to turbulence occurs down-
stream of the mean reattachment location, which is evidenced by the
appearance of numerous low-velocity “patches” across the span
(Fig. 18a). For the wing, a strikingly similar degree of spanwise
uniformity is observed in the shear layer rollup vortices (Fig. 18b),
along with a similar three-dimensional breakdown to turbulence that
occurs downstream of mean reattachment. Furthermore, the rollup
vortices on the wing in the range of 0.95 ≤ Z∕c ≤ 2.01 are not
appreciably deformed, indicating that the reduction in local effective
angle of attack has little effect on the vortex topology in this region.
Incorporating the results of spectral analysis, it can be concluded that
spanwise variations in LSB dynamics on a finite wing are not
predicated on the local changes of the effective angle of attack.
Instead, salient vortex shedding characteristics do not change appre-
ciably over the span of the wing, and they are well approximated by
those seen on a two-dimensional airfoil at the same angle of attack as
the effective angle of the wing root. It is important to note, however,
that more pronounced variations in LSB characteristics may take
place in the immediate vicinity of the wing tip.

IV. Conclusions

The effects of the finite aspect ratio on flowdevelopment in anLSB
have been studied for a semispan wing with an aspect ratio of AR �
2.5 at α � 6 deg and Rec � 1.25 × 105. Measurements were con-
ducted using surface pressure taps and two-component planar PIVon
two-dimensional airfoil and finite wing models, enabling a direct
comparison of LSB behavior in flows over two- and three-dimen-
sional geometries. The attentionwas focused onLSB formation in the
region of the wing where spanwise flow velocities were small, but
finite-aspect-ratio effects were still present.
Mean pressure measurements revealed a pressure plateau charac-

teristic of an LSB on the suction surfaces of the airfoil and wing.
Spanwise pressure measurements were used to quantify the variation
of the surface pressure across the span of thewingmodel.On the basis
of a quantitative comparison with streamwise pressure distributions
obtained over a relevant range of angles of attack on the airfoil, a
methodology for estimating local effective angle of attack was intro-
duced. The results were shown to conform to the lifting line theory
predictions, supporting such an approximation for flows over lifting
surfaces involving LSBs.
A detailed comparison of PIV measurements conducted on the

airfoil andwingwas conducted over similar effective angles of attack.
Mean flowfield measurements showed that the LSB on the airfoil
moved downstream and increased in length as the angle of attack was
decreased, in accordance with the trends previously reported in the
literature. In contrast, for a similar change in the effective angle of
attack, the LSB on the wing remained essentially invariant to the
changes in the effective angle of attack across the span of thewing. Its
streamwise location and extent closely corresponded to those of an
LSB forming on the airfoil at the effective angle of attack of the wing
root. Although no substantial changes in LSB locationwere observed
along the span, the LSB on the wing displayed substantial spanwise
changes in reverse flowmagnitude and displacement thickness when
compared to the airfoil.

Fig. 16 Central frequency of amplified disturbances for the airfoil and

wing at 3.8 deg ≤ α ≤ 6 deg and α � 6 deg, respectively. Data at

Rec � 1.0 × 105 and 1.5 × 105 from Ref. [27].

Fig. 17 Surface-normal fluctuating velocity spectra evaluated at y � δ�
and xt on wing (red) and airfoil (black). Each spectrum has been nor-

malized by its total energy content. Shaded region indicates uncertainty
in power spectral density magnitude for the airfoil at α � 5 deg.
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Time-resolved PIV measurements were used to characterize the
frequencies of amplified disturbances leading to the formation of
dominant spanwise vortices in the separated shear layer. On the
airfoil, the central instability frequency decreased as the angle of
attack decreased, agreeing with trends previously reported in the
literature. In contrast, the central instability frequency on the wing
remained unaffected by the change in effective angle of attack along
the span, remaining close to that on the airfoil at the angle of attack
matching the effective angle at the wing root. The spanwise uniform-
ity in salient LSB dynamics characteristics were further supported by
top-view measurements, illustrating strong spanwise uniformity in
the shear layer rollers. Thus, the relative spanwise uniformity inmean
LSB topology and its dynamics across the wingspan, exuding the
regions in the immediate vicinity of thewing tip and root, suggest that
the analogy between sectional wing characteristics and airfoil param-
eters at the same effective angle of attack is not universal in the
presence of the LSB. Instead, LSB characteristics obtained on an
airfoil at the effective angle of attack of the wing root provide a
reasonable approximation for salient LSB characteristics across the
wing. It should be noted that these conclusions are not inclusive of
the regions in the immediate vicinity of the wing tip/root, which
were not considered in the present investigation. Significant three-
dimensional effects expected in these regions may cause notable
changes in the LSB parameters on finite wings, which is of interest
for future investigations.
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